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THE MATHEMATICAL GAZETT'E. 

MATHEMATICAL NOTE. 

536. [D. 6. c.] The series for sin x and cosx. 
I. By actually nultiplying the absolutely convergent series for e'1 and 

e2, we prove that ez x e2 = ez1+z, 
where z, and z2 may have any finite values, real or complex. 

Putting z =ix, z= -i.r, where i=/-1 and x is real, we get 
eix x e-ixe 1. 

Now ei( -+ +...) 

+i x- -- - 
5 ....)................... ...........(1) 

Since the product of conjugate complex numbers is the square of the 
modulus of either, we have 

l^ I el= ^e x e-"i= 1; 

.. ei=cosX +i si X, ............................... (2) 
where X is some quantity depending on x. 

.'. in the Argand diagram eiz is represented by a point P on the circle 
z = 1, such that OP makes an angle X with the real axis Ox. 

II. If eizl=cos X + i sin X1 
and eX = cos X2 + i sin X2; 

*. ei(xl+ 2)t- eixt x eixT2 

= (cos X1 + i sin Xi)(cos X2 + i sin X,2) 
= (cos 1 cos X2 - sin X, sin X2) 

+ i(sin A\ cos X2 + cos X1 sin X2) 
cos(X + 2)+isin ( + X2); .....................(3) 

. if in the Argand diagram, 
P1 represents eXl', P2 represents ei2, and Q represents et(Xi+'). 

A A A 
Then QOx= POx + POx = X1 + X2 

A A 
and QOP1 = 2Ox= X'. 

III. If eix=cos X + sin A, ..................................(4) 
and the principal value of the amplitude is taken (i.e. - rr < X r), 

.x X . Y 
then e Cos --e + cos 2-i sin 2'-, 

since each is that square root of the corresponding side of (4) which reduces 
to +1 when x (and therefore X) reduces to the value 0. 

For from (1), cos '=1 l+ - J , ... ..........................(5) 

x3 x5 
sinX=x- 3. +5- -...; ...........................(6) 

and therefore if . is small, cos X is nearly equal to 1, and sin x is nearly equal 
to 0 and is of the same sign as xa; 

.. if x is small, so is AY, and they are both of the same sign. 
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MATHEMATICAL NOTE. 

IV. Now take x to be any positive quantity, and let 
x= 2h + 2h2 +... + 2h,, 

where every h is small and positive, and n is a large number. 
Let eix = cos X + i siln ', 

eia- cos H,+ i sin HE,. ................................ (7) 
wlhere H, is the principal value of the amplitude of eth, and is consequently 
a small positive angle. 

Consider the points in the Argand diagram representing 
1, e2ih,++h2), ..., e2i(Ahl+h2,++h+ r ... 7, e2i(h+2 +...+h+n)(=eiX). 

Call them A, P1, P2, ..., Pr ..., Pn(=P). 

They all lie on the circle z = 1, and 
A 

PrOPr-l =2Hr, 

POA =2(H, + H 2+... + ). 
A A 

Also cos X=cos POA, sin X=sin POA. 

n-P P. 

YN~A 

The points occur in the order A, PI, P, ..., P,r-_,Pr.. P,n as we go round 
the circle from A in the direction opposite to the clock (see figure). 

Join up the successive points, thus forming part of a polygon inscribed in 
the arc AP. 

Length of the chord P.P,-_ =2 sin H,. ; 
. . length of the broken line APP2 ... P,_- P,... P,, 

= C 2 sin B, 
r=l 

= 2 sin H,, 
r=1 

and by (6) and (7), 

=2 rr 3+* * +(- ) ( 2el +, ... - .... s.....(8) Ln=1 or!,=l1 = i2sn1)! r=1 
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But 2 hr=, x . .. ...... ... ...........(9) 
' 2=1 

r'1 - 
and 2 Ci ha+' _ 2 .s 2 i h,. 

r=l r=l 

_- .1, .....................................(10) 
where k is the largest of the h's. 

Now let n increase indefinitely, and at the same time let all the h's become 
vanishingly small. 

Then k2s vanishes if 2s>0; 

. 12s.2S+1 vanishes if s>0. 
It is then easily seen that the right-hand side of (8) tends to the value x. 
The broken line AP1P2... P,, approaches the arc AP; 
.. in the limit, arc AP=x; 

and, since radius of circle is unity, 
A 

POA =x radians; 
'. cos X= cos C, 

sin X= sin x, 

iX2 X4 X6 
i.e. cos x=l- +4!-+ ..., 2! 4! 6! 

.V3 1;5 X7 
sin x=x- - 7- + ', 3!+ 5 7! 

or e = cos x + i sin x if x is positive. 
If x is negative and equal to -y, 

ei = e-i = cos ? - i sill y 
=cos (-y)+isin ( -y) 
= cos x+ i sin x, 

and the series still hold. F. JACKSON. 

THE LIBRARY. 

CIHANGE OF ADDRESS. 

THE Library is now at 9 Brunswick Square, W.C., the new premises of the 
Teachers' Guild. 

The Librarian will gladly receive and acknowledge in the Gazette any 
donation of ancient or modern works on mathematical subjects. 

SCARCE BACK NUMBERS. 
Reserves are kept of A.I.G.T. Reports and Gazettes, and, from time to 

time, orders come for sets of tliese. We are now unable to fulfil such orders 
for want of certain back numbers, which the Librarian will be glad to buy 
from any member who can spare them, or to exchange other back numbers 
for them: Gazette No. 8 (very important). 

A.I.G.T. Report No. 11 (very important). 
A.I.G.T. Reports, Nos. 10, 12. 
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